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ON SUBSCHEMES OF FORMAL SCHEMES
TAKEHIKO YASUDA
Abstract. We think about what the subscheme of the formal
scheme is. Differently form the ordinary scheme, the formal scheme
has different notions of “subscheme”. We lay a foundation for these
notions and compare them. We also relate them to singularities of
foliations.
Introduction
In a foundation of the theory of formal schemes, it is a problem how
to define a subscheme of a formal scheme. Grothendieck [EGA] defined
a closed subscheme of a locally Noetherian formal scheme. However it
is not definitive, and leads to a pathological phenomenon. The aim of
this paper is to compare different notions of “subschemes”, and to com-
plement the theory of formal schemes. We also relate the pathological
phenomenon with singularities of foliations.
We generalize the notion of the closed subscheme of the locally Noe-
therian formal scheme defined in [EGA] to arbitrary ambient formal
schemes and define a subscheme as a closed subscheme of an open
subscheme. This notion has the advantage that a subscheme of a Noe-
therian formal scheme is Noetherian, and the disadvantage that a sub-
scheme is not generally an open subscheme of a closed subscheme. B.
Heinzer first found an example of the last pathological phenomenon
[AJL, page 1]. We construct a more explicit one (Theorem 2.7).
As generalizations of subscheme, we define pre-subschemes and pseudo-
subschemes. In particular, with pseudo-subschemes, the pathological
phenomenon mentioned above does not occur: A pseudo-subscheme of
a formal scheme with some mild condition is an open subscheme of a
closed pseudo-subscheme. Unfortunately a pseudo-subscheme does not
inherit the Noetherianity of the ambient formal scheme, but inherit
instead a variant of Noetherianity, the ind-Noetherianity. A closed
pseudo-subscheme Y →֒ X coincides with a pseudo closed immersion
of Alonso Tarr´ıo, Jeremı´as Lo´pez and Pe´rez Rodr´ıguez [AJP], if X
and Y are both locally Noetherian. Removing this restriction is essen-
tial and inevitable for our aim. Subschemes, pre-subschemes, pseudo-
subschemes of formal schemes are all generalizations of subschemes of
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ordinary schemes. Showing examples, we will see that subschemes,
pre-subschemes and pseudo-subschemes are mutually different.
Formal schemes naturally appear in studies of algebraic foliations,
thanks to Miyaoka’s formal Frobenius theorem [Miy]. Jouanolou [Jou]
proved that there exist singular algebraic foliations on C3 without any
formal separatrix at the origin. Applying this, we construct closed
pseudo-subschemes of Spf C[w][[x, y, z]] that are not closed pre-subschemes
nor Noetherian.
McQuillan [McQ] modified the definition of formal scheme. This
modification is the right one, and we follow his definition with addi-
tional minor modifications.
Conventions. We denote by N the set of positive integers, and by
N0 the set of non-negative integers. A ring means a commutative ring
with unit. An ordinary scheme means a scheme, distinguished from a
formal scheme that is not a scheme.
Acknowledgement. I would like to thank Fumiharu Kato for useful
discussions.
1. Preliminaries
This section contains generalities on formal schemes. We adopt a
slightly different definition of formal schemes from those in [EGA] and
[McQ]. However most results in this section are found in [EGA] or
[McQ], and similar arguments can apply.
1.1. Admissible rings. For a descending chain of ideals of a ring A,
I1 ⊇ I2 ⊇ · · · ,
there exists a unique topology on A which makes A a topological ring
and for which the collection {Ii}i∈N of ideals is a basis of (necessarily
open) neighborhoods of 0 ∈ A. We call this topology the {Ii}-topology.
A linearly topologized ring is a topological ring with the {Ii}-topology
for some descending chain {Ii}i∈N of ideals.1
1This definition is more restrictive than usual. One usually supposes only that
there exists a (possibly uncountable) collection of ideals forming a basis of neigh-
borhoods of 0. In most instances, our condition holds, and it makes arguments
simpler.
We will put the corresponding assumption on complete modules and formal
schemes. In [McQ], this condition is not supposed. However some results in op.
cit, for instance, Claim 2.6 and Fact 3.3, seem valid only under this condition. For
McQuillan uses in the proof the fact that if the projective system of short exact
sequences satisfies the Mittag-Leffler condition, then its limit is also exact. It is
true only if the system is indexed by N.
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An open ideal I of a topological ring is called an ideal of definition
if every element f ∈ I is topologically nilpotent (that is, fn → 0, as
n → ∞).2 A linearly topologized ring is called an admissible ring if
it is separated and complete, and admits an ideal of definition. Ev-
ery admissible ring has the largest ideal of definition, the ideal of the
topologically nilpotent elements.3
A descending chain of ideals of definition in a topological ring is
called a basis of ideals of definition if it is a basis of neighborhoods of
0. If A is an admissible ring with the {Ii}-topology and J ⊆ A is an
ideal of definition, then the collection {Ii ∩ J} of ideals is a basis of
ideals of definition. Every admissible ring thus admits a basis of ideals
of definition.
For a ring A and its ideal I, the I-adic topology on A is by definition
the {In}n∈N-topology. An admissible ring A is said to be adic if the
topology on A is identical to the I-adic topology for some ideal I ⊆ A.
Example 1.1. Let k be a field and let A := k[[x, y]] be endowed with
the {(xyn)}n∈N-topology. Then A is admissible and {(xyn)}n∈N is a
basis of ideals of definition. However A is not adic. Indeed, for i ≥ 2
and n ≥ 0, (xiyi) does not contain (xyn), and hence (xiyi) is not open.
Lemma 1.2. A topological ring A is admissible if and only if A is
isomorphic to the limit lim←−Ai of some projective system of discrete
rings,
A1 ← A2 ← · · · ,
such that for every i, the map Ai+1 → Ai is surjective and every element
of its kernel is nilpotent.
Proof. It is essentially the same statement as [EGA, 0, Lem. 7.2.2].
The proof is parallel. 
Corollary 1.3. Let A be an admissible ring and
I1 ⊇ I2 ⊇ · · ·
a descending chain of open ideals of A (not necessarily a basis of
neighborhoods of 0). Suppose that for every i,
√
Ii =
√
I1. Then
B := lim←−A/Ii is an admissible ring and the natural map A → B is
a continuous homomorphism.
2This definition is due to McQuillan [McQ]. The one in [EGA] is more restrictive:
In op. cit., an ideal I is an ideal of definition if for every open neighborhood V of
0, there exists n ∈ N with In ⊆ V .
3This fails if we adopt the definition in [EGA].
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Proof. The projective system of discrete rings
A/I1 ← A/I2 ← · · ·
satisfies the condition in Lemma 1.2. Hence B is admissible. For each
i ∈ N, put
B ⊇ Iˆi := lim←−
j≥i
Ii/Ij.
Then the ideals Iˆi form a basis of neighborhoods of 0 ∈ B. The preim-
age of Iˆi in A is Ii, in particular, open. It follows that A → B is
continuous. 
Definition 1.4. An admissible ring A is said to be pro-Noetherian if
one of the following equivalent conditions holds:
(1) For every open ideal I, the quotient ring A/I is Noetherian.
(2) For some basis {Ii}i∈N of ideals of definition and for every i ∈ N,
the quotient ring A/Ii is Noetherian.
In particular, every Noetherian admissible ring is pro-Noetherian.
Lemma 1.5. Let A be a pro-Noetherian admissible ring and I ⊆ A
an ideal of definition. Then for any neighborhood V of 0, there exists
n ∈ N with In ⊆ V . (Namely, in the sense of [EGA], I is an ideal of
definition and A is admissible. See Footnote 1.1)
Proof. Since A is linearly topologized, we may suppose that V is an
ideal. Then A/V is Noetherian. Therefore I(A/V ) is finitely generated.
Since every element of I(A/V ) is nilpotent, so is I(A/V ). This means
that for some n, In ⊆ V . 
Lemma 1.6. Every pro-Noetherian adic ring A is Noetherian. Fur-
thermore for every ideal I of definition in A, the topology on A is
identical to the I-adic topology.
Proof. Let A be a pro-Noetherian adic ring and I ⊆ A an ideal such
that {In}n∈N is a basis of ideals of definition. By definition, A/I and
A/I2 are Noetherian. Consequently I/I2 is finitely generated, and from
[EGA, 0, Cor. 7.2.6], A is Noetherian.
Let J be an arbitrary ideal of definition. Then for some m ∈ N,
Im ⊆ J . Hence for every n ∈ N, Imn ⊆ Jn, and so Jn is open.
Conversely, since J is finitely generated, for every n ∈ N, there exists
m ∈ N with Jm ⊆ In. This proves the lemma. 
Lemma 1.7. Let the notations be as in Corollary 1.3. Suppose that A
is pro-Noetherian. Then B is also pro-Noetherian.
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Proof. The admissible ring B has a basis of ideals of definition {Iˆi}i,
and the quotient rings B/Iˆi ∼= A/Ii are Noetherian. Hence B is pro-
Noetherian. 
The following is required in §3.
Proposition 1.8. Let A be a Noetherian adic ring and
I1 ⊇ I2 ⊇ · · ·
a descending chain of ideals of definition in A (not necessarily a basis
of ideals of definition), and let B := lim←−A/Ii. Suppose that B is adic.
Then the natural map A → B is surjective. Moreover the topology on
B is the {In1B}-topology.
Proof. From Lemmas 1.6 and 1.7, B is also a Noetherian adic ring. Let
Iˆi := lim←−
j≥i
Ii/Ij,
and J := Iˆ1. Since J is an ideal of definition, from Lemma 1.6, the
topology on B is identical to the J-adic topology. Since {Iˆi}i∈N is also
a basis of ideals of definition of B, for every n, there exists i ∈ N such
that Iˆi ⊂ Jn. Then we have
B/Jn = (B/Iˆi)/(J
n/Iˆi) = (A/Ii)/(I1/Ii)
n.
For i≫ m ≥ n, the kernel of B/Jm → B/Jn is
(I1/Ii)
n/(I1/Ii)
m = In1 (B/J
m).
Besides B/J = A/I1 is clearly a finitely generated A-module. As a
result, the projective systems {A/I i1} and {B/J i} satisfy the conditions
of [EGA, 0, Prop. 7.2.9], and hence
Jn = Ker (B → B/Jn) = In1B.
This shows the second assertion.
The map A/I1 → B/I1B is surjective and B is separated for the
{In1B}-topology. From [Mat, Th. 8.4], A→ B is surjective. 
1.2. Formal schemes. We associate to each admissible ring A a topo-
logically ringed space Spf A, called the formal spectrum of A, as follows:
The underlying topological space of Spf A is the set of open prime ideals
and identified with SpecA/I for every ideal of definition I. The struc-
ture sheaf OSpf A of Spf A is a sheaf of topological rings. If {Ii}i∈N is a
basis of ideals of definition of A, then OSpf A is defined to be the limit
lim←−OSpecA/Ii of sheaves OSpecA/Ii of pseudo-discrete rings (for sheaves
of pseudo-discrete rings, see [EGA]).
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Let A be an admissible ring with {Ii} a basis of ideals of definition
and x ∈ A. Then we define the complete localization of A by x, denoted
A{x}, to be the projective limit lim←−(A/Ii)x of the localizations (A/Ii)x
of A/Ii. Then A{x} is also admissible. We call Spf A{x} a distinguished
open subscheme of Spf A. The distinguished open subschemes of an
affine formal scheme form a basis of open subsets of the underlying
topological space.
For an open prime ideal p ⊆ A, the stalk OSpf A,p of the structure
sheaf OSpf A at p is
lim
−→
x/∈p
A{x}.
We can see that it is a local ring as [EGA]. Thus the topologically
ringed space Spf A is a locally topologically ringed space.
After [McQ], we call the completion OˆSpf A,p of OSpf A,p the fine stalk,
which is isomorphic to
lim←−OSpecA/Ii,p/Ii.
Here Ii, i ∈ N, form a basis of ideals of definition. In the [EGA]
notation, if we put S := A \ p, then
OSpf A,p = A{S} and OˆSpf A,p = A{S−1}.
From [EGA, 0, Prop. 7.6.17], the natural map OSpf A,p → OˆSpf A,p is a
local homomorphism.
An affine formal scheme is a topologically ringed space that is iso-
morphic to the formal spectrum of an admissible ring. A formal scheme
is a topologically ringed space (X,O) with X the underlying topolog-
ical space and O the structure sheaf such that there exists an open
covering X =
⋃
λ∈Λ Uλ, and for every λ ∈ Λ, the topologically ringed
space (Uλ,O|Uλ) is an affine formal scheme.4 In particular, every formal
scheme is locally topologically ringed space.
A morphism of formal schemes is a morphism as locally topologically
ringed spaces: The maps of stalks are necessarily local homomorphisms,
equivalently the maps of fine stalks are local homomorphisms.
A continuous homomorphism A → B of admissible rings induces
a morphism of formal schemes, Spf B → Spf A. Then the functor
A 7→ Spf A from the category of admissible rings to the category of
formal schemes is fully faithful.
4This definition of formal scheme is different from those of [EGA] and [McQ],
because of the difference of the definition of admissible ring. Moreover in [McQ], it
is supposed the existence of basis of subschemes of definition.
ON SUBSCHEMES OF FORMAL SCHEMES 7
1.3. Several Noetherianities. We now define some finiteness condi-
tions on formal schemes.
Definition 1.9. Let X be a formal scheme.
(1) X is adic if every point of X admits an affine open neighborhood
Spf A with A adic.
(2) X is quasi-compact (resp. top-Noetherian, locally top-Noetherian
if the underlying topological space of X is quasi-compact (resp.
Noetherian, locally Noetherian).
(3) X is locally pre-Noetherian (resp. locally ind-Noetherian, locally
Noetherian) if every point of X admits an affine neighborhood
Spf A with A Noetherian (resp. pro-Noetherian, Noetherian and
adic).
(4) X is pre-Noetherian (resp. ind-Noetherian, Noetherian) if X
is locally pre-Noetherian (resp. locally ind-Noetherian, locally
Noetherian) and quasi-compact.
We have the following implications among properties of a formal
scheme:
(locally) Noetherian

'/W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
W
ks +3 (locally) ind-Noetherian + adic
(locally) pre-Noetherian

(adic)
(locally) ind-Noetherian

(locally) top-Noetherian
The top horizontal arrow follows from Lemma 1.6.
1.4. Quasi-coherent sheaves.
Definition 1.10. Suppose that A is a linearly topologized ring and
I1 ⊇ I2 ⊇ · · ·
a basis of open ideals. An A-module M endowed with a topology is
said to be complete if
(1) M is a topological group with respect to the given topology and
the addition,
(2) there exists a basis of open A-submodules of M
M1 ⊇M2 ⊇ · · ·
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(that is, the collection {Mi}i∈N is a basis of open neighborhoods
of 0 ∈M) such that for every i ∈ N, IiM ⊆Mi, and
(3) M is separated and complete.
We note that the second condition is independent of the choice of
{Ii}.
Suppose that A is admissible with a basis {Ii} of ideals of definition
and that M is a complete A-module and {Mi}i∈N is a basis of open
submodules with IiM ⊆ Mi. Then M/Mi is an A/Ii-module. There
exists a corresponding quasi-coherent sheaf M˜/Mi on SpecA/Ii. The
projective limit
M△ := lim←− M˜/Mi
of sheaves M˜/Mi of pseudo-discrete groups is a completeOSpf A-module,
that is, for every open subset U ⊆ Spf A,M△(U) is a completeOSpf A(U)-
module.
Definition 1.11. Let X be a formal scheme. A complete OX -module
F is said to be quasi-coherent if every point of X has an affine neigh-
borhood Spf A such that F|Spf A ∼= M△ for some complete A-module
M .5
2. Subschemes of formal schemes and their variants
In this section, we see various kinds of “subschemes” of formal schemes,
compare them, and prove their basic properties.
2.1. Subschemes.
Definition 2.1. An open subscheme of a formal scheme X is an open
subset U of X along with the restricted structure sheaf OX |U . A mor-
phism Y → X is said to be an open immersion if it is an isomorphism
onto an open subscheme of X .
Lemma 2.2. Let A be an admissible ring with a basis of open ideals
{Ji} and I ⊆ A a closed ideal. Give the quotient ring A/I the {(Ji +
I)/I}-topology. Then A/I is admissible.
Proof. From [Mat, the middle of page 56], A/I is separated, and from
Theorem 8.1 in op. cit, A/I is complete. (Recall that A is supposed
to have a countable basis of open ideals.) If a ⊆ A/I is the ideal of
topologically nilpotent elements, then its preimage in A contains the
largest ideal of definition of A, and open. Therefore a is also open (see
the top of page 56 in op. cit.). We conclude that A/I is admissible. 
5This definition is also due to McQuillan (see [McQ, §5]), and different from the
[EGA] notion of quasi-coherence.
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If I is a closed ideal of an admissible ring A, then I is a complete
A-module for the induced topology. Hence we can define an ideal sheaf
I△ ⊆ OSpf A. The quotient sheaf OSpf A/I△ is canonically isomorphic
to OSpf A/I .
Let X be a formal scheme. An ideal sheaf I ⊆ OX is said to be
closed if every point of X has an affine neighborhood Spf A ⊆ X such
that I|Spf A = I△ for some closed ideal I ⊆ A. For a closed ideal
I ⊆ OX , the topologically ringed space Y = (SuppOX /I,OX/I) is a
formal scheme.
Definition 2.3. For a formal scheme X and a closed ideal sheaf I ⊆
OX , we call (SuppOX/I,OX/I) the closed subscheme defined by I. A
morphism Y → X of formal schemes is said to be a closed immersion
if it is an isomorphism onto a closed subscheme of X . A morphism is
said to be an immersion if it is an open immersion followed by a closed
immersion. A subscheme of a formal scheme X is an equivalence class
of immersions Y → X , where fi : Yi → X , i = 1, 2, are equivalent if
there exists an isomorphism g : Y1 → Y2 with f1 = f2 ◦ g.
Consider the case where X is locally Noetherian. Since every ideal
of a Noetherian adic ring is closed (see [ZS, page 264]), an ideal sheaf
I ⊆ OX is closed if and only if I is coherent in the sense of [EGA].
Therefore the definition above of the closed subscheme coincides with
the one in [EGA] in this case.
Lemma 2.4. Every closed subscheme of an affine formal scheme Spf A
is defined by some closed ideal I ⊆ A.
Proof. Let I ⊆ OSpf A be a closed ideal sheaf and {Ji}i∈N a basis of
open ideals of A. Then for each i, there exists an ideal Ii ⊆ A/Ji such
that
I˜i = I + J△i /J△i ⊆ OSpecA/Ji.
Moreover the Ii form a projective system and if we put I := lim←− Ii,
then I is a closed ideal of A. We easily see that I = I△. 
Proposition 2.5. (1) Let P be any property in Definition 1.9 ex-
cept the quasi-compactness, and let X be a formal scheme sat-
isfying P. Then every subscheme of X satisfies P.
(2) If g : Z → Y and f : Y → X are (closed) immersions of formal
schemes, then f ◦ g is also a (closed) immersion.
(3) If Y → X is an immersion of formal schemes and Z → X is a
morphism of formal schemes, then the projection Y ×X Z → Z
is a immersion.
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Proof. 1 and 2 are obvious. To prove 3, we may suppose that X =
Spf A, Y = Spf A/I and Z = Spf B. Here I ⊆ A is a closed ideal.
Then Y ×X Z = Spf ((A/I)⊗ˆAB). Let {Ii} and {Ji} be bases of ideals
of definition in A and B respectively such that for each i, Ii is contained
in the preimage of Ji. Then we have
(A/I)⊗ˆAB ∼= lim←−(A/(Ii + I)⊗A/Ii B/Ji)∼= lim←−B/(IB + Ji)
∼= B/IB.
Here IB is the closure of IB. Thus Y ×X Z is the closed subscheme
defined by the closed ideal IB. 
2.1.1. Pathological examples. As a consequence of a theorem in [HR],
Bill Heinzer shown the following (see the first page of [AJL]):
Theorem 2.6. Let k be a field. There exists a nonzero ideal I ⊆
k[x±, y, z][[t]] with I ∩ k[x, y, z][[t]] = (0).
The formal scheme Spf k[x±, y, z][[t]] is a distinguished open sub-
scheme of Spf k[x, y, z][[t]] and Spf k[x±, y, z][[t]]/I is a subscheme of
Spf k[x, y, z][[t]]. In geometric terms, the theorem means that the
smallest closed subscheme of Spf k[x, y, z][[t]] containing a subscheme
Spf k[x±, y, z][[t]]/I of Spf k[x, y, z][[t]] is Spf k[x, y, z][[t]] itself. In other
words, the (scheme-theoretic) closure of Spf k[x±, y, z][[t]]/I in Spf k[x, y, z][[t]]
in a naive sense is Spf k[x, y, z][[t]].
We find the following simpler and more explicit example:
Theorem 2.7. Consider an element of C[x±, y][[t]]
f := y + a1x
−1t+ a2x
−2t2 + a3x
−3t3 + · · · , ai ∈ C \ {0}.
Suppose that a function i 7→ |ai| is strictly increasing and
lim
i→∞
|ai+1|
|ai| =∞.
Then
(f) ∩ C[x, y][[t]] = (0).
Proof. We prove the first assertion by contradiction. So we suppose
that there exists 0 6= g = ∑i∈N0 giti ∈ C[x±, y][[t]] with gi ∈ C[x±, y]
such that h := fg ∈ C[x, y][[t]]. If we write h = ∑i∈N0 hiti with
hi ∈ C[x, y], then for every i ∈ N0, we have
hi = ygi +
i∑
j=1
ajx
−jgi−j = ygi + h
′
i, (h
′
i :=
i∑
j=1
ajx
−jgi−j).
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For each i ∈ N0, write
gi =
∑
m∈Z,n∈N0
gimnx
myn, gimn ∈ C.
We set
di := inf{m ∈ Z|∃n, gimn 6= 0},
ei := inf{n ∈ N0|gidin 6= 0},
Di := inf{di−j − j|1 ≤ j ≤ i}
= inf{dj′ − i+ j′|0 ≤ j′ ≤ i− 1},
Ei := inf{ei−j|1 ≤ j ≤ i, di−j − j = Di}
= inf{ej′|0 ≤ j′ ≤ i− 1, dj′ − i+ j′ = Di}.
Here by convention, inf ∅ = +∞. We easily see that for every i′ > i,
Di′ < Di and Ei′ ≤ Ei.
If for i0 ∈ N, Di0 < 0 and if the coefficient of xDi0yEi0 in h′i0 is
nonzero, then the coefficient of xDi0yEi0 in ygi0 is also nonzero. More-
over if either “m < Di0” or “m = Di0 and n < Ei0”, then the coefficient
of xmyn in ygi0 vanishes. It follows that
di0 = Di0 and ei0 = Ei0 ,
and that
Di0+1 = Di0 − 1 and Ei0+1 = Ei0 − 1,
and that the coefficient of xDi0+1yEi0+1 in h′i0+1 is again nonzero. As a
result, Ei+1 = Ei − 1 for every i ≥ i0. Since Ei ∈ N0 for every i, it is
impossible.
Now it remains to show that for some i ∈ N, Di < 0 and the coef-
ficient of xDiyEi in h′i is nonzero. Suppose by contrary that for every
i ∈ N with Di < 0, the coefficient of xDiyEi in h′i is zero. Since i 7→ Di
is strictly decreasing, there exists i1 ∈ N such that for every i ≥ i1,
Di < 0. Then for every i ≥ i1, the coefficient of xDiyEi in ygi must be
zero. Therefore we have
Di = Di1 − (i− i1) and Ei = Ei1 .
Let
Λ := {j|the coefficient of xDi1yEi1 in x−jgi1−j is nonzero} ⊆ {1, 2, . . . , i1}
and let 0 6= cj ∈ C be the coefficient of xDi1yEi1 in x−jgi1−j , j ∈ Λ. For
every i ≥ i1, the coefficient of xDiyEi in h′i is∑
j∈Λ
aj+i−i1cj = 0.
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Let j0 ∈ Λ be the largest element and j1 ∈ Λ the second largest one.
(Note that ♯Λ ≥ 2). From the assumption on the ai, for i ≫ i1, we
have
|aj0+i−i1 | − (♯Λ− 1)|aj1+i−i1|( max
j∈Λ\{j0}
|cj/cj0|) > 0.
Therefore, for i≫ 0,
0 = |
∑
j∈Λ
aj+i−i1cj |
≥ |cj0|

|aj0+i−i1 | − ∑
j∈Λ\{j0}
|aj+i−i1cj/cj0|


≥ |cj0|
(
|aj0+i−i1 | − (♯Λ− 1)|aj1+i−i1 |( max
j∈Λ\{j0}
|cj/cj0|)
)
> 0
This is a contradiction. We have proved the theorem. 
If we remove one more variable, then any ideal as in Theorems 2.6
and 2.7 does not exist:
Proposition 2.8. Let k be a field. Then for any nonzero ideal I of
k[x±][[t]], I ∩ k[x][[t]] 6= (0).
Proof. It suffices to prove the assertion in the case where I is principal,
say I = (f), f ∈ k[x±][[t]]. Write
f =
∑
i≥n
fit
i ∈ k[x±][[t]], fi ∈ k[x±], fn 6= 0.
Define gi ∈ k[x±, f−1n ] inductively as follows;
g0 := f
−1
n , gi+1 := −(
∑
0≤j≤i
gjfn+i+1−j)/fn.
Then
f(
∑
i≥0
git
i) =
∑
m≥n
((fngm−n +
∑
i+j=m
j<m−n
figj)t
m)
= tn +
∑
m>n
((−
∑
j<m−n
gjfm−j +
∑
i+j=m
j<m−n
figj)t
m)
= tn.
Since
∑
i≥0 git
i is invertible, ideals (f) and (tn) of k[x±, f−1n ][[t]] are
identical. Glueing Spf k[x±][[t]]/(f) and Spf k[x, f−1n ][[t]]/(t
n), we ob-
tain a closed subscheme Z of Spf k[x][[t]]. Since Z contains Spf k[x±][[t]]/(f)
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as an open subscheme, Z is not identical to Spf k[x][[t]]. From Lemma
2.4, it follows that Z is defined by a nonzero ideal J ⊆ k[x][[t]]. There-
fore
I ∩ k[x][[t]] ⊇ J 6= (0).

2.2. Pre-subschemes. Recall that a morphism f : Y → X of ordi-
nary schemes is a closed immersion if and only if it is a closed em-
bedding as a map of topological spaces and the map OX → f∗OY of
sheaves is surjective. We may adopt this as the definition of closed
immersions of ordinary schemes. However, concerning formal schemes,
this condition leads to a different notion from the closed immersion
defined above.
Definition 2.9. A closed pre-immersion of a formal scheme X is a
morphism ι : Y → X such that the map of underlying topological
spaces is a closed embedding and the map OX → ι∗OY is surjective.
An open immersion followed by a closed immersion is said to be a pre-
immersion. A (closed) pre-subscheme is an equivalence class of (closed)
immersions with respect to the equivalence relation in Definition 2.3.
The following is an example of a closed pre-subscheme that is not a
closed subscheme.
Example 2.10. Let A := k[[x, y]] be endowed with the {(xyi)}i∈N-
topology as in Example 1.1 and Aadic the same ring endowed with the
(xy)-adic topology. Then A and Aadic are both admissible rings. The
identity map Aadic → A is a continuous homomorphism.
The formal schemes X := Spf A and X adic := Spf Aadic have the
same underlying topological space, which consists of three open prime
ideals, (x, y), (x) and (y). The stalks of OX and OX adic at (x, y) and
(y) are identical as rings, but not at (x). We have
OX ,(x) = k((y))[[x]]/(x) = k((y)) and OX adic,(x) = k((y))[[x]].
It follows that the morphism X → X adic induced by the identity map
Aadic → A is a closed pre-immersion. However it is clear that this
morphism is not a closed immersion.
2.3. Ordinary subschemes. If I is an open ideal of an admissible ring
A, then I is also closed and we can define a formal scheme Spf A/I.
Since A/I is discrete, Spf A/I is in fact canonically isomorphic to
SpecA/I. Conversely for a closed ideal I of an admissible ring A,
if Spf A/I is an ordinary scheme, then I is open.
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Let X be a formal scheme. An ideal sheaf I ⊆ OX is said to be open
if for every point of X , there exists its affine neighborhood Spf A ⊆ X
such that I|Spf A = I△ for some open ideal I ⊆ A. Every open ideal
sheaf is a closed ideal sheaf. The closed subscheme of X defined by an
open ideal is an ordinary scheme. Conversely a closed subscheme that
is an ordinary scheme is defined by an open ideal sheaf.
Definition 2.11. Let X be a formal scheme. A (closed) subscheme
Y →֒ X with Y an ordinary scheme is said to be a (closed) ordinary
subscheme.
Proposition 2.12. A pre-subscheme Y →֒ X with Y ordinary sub-
scheme is an ordinary subscheme.
Proof. Without loss of generality, we may suppose that X is affine,
say X = Spf A, and that Y is a closed pre-subscheme. Then the un-
derlying topological space of Y is homeomorphic to that of an affine
scheme. Therefore Y is quasi-compact, and covered by finitely many
affine schemes SpecBi. The natural morphism SpecBi → Spf A corre-
sponds to a continuous homomorphism A → Bi. Since Bi is discrete,
the kernel Ji of A → Bi is open. Put J =
⋂
i Ji. Then J is an open
ideal and ι factors as
Y
α−→ SpecA/J → Spf A.
The α is a closed immersion of ordinary schemes and there exists an
open ideal I ⊇ J such that Y ∼= SpecA/I. Thus Y is a closed ordinary
subscheme of X . 
2.4. The closure of an ordinary subscheme. If Y is a subscheme
of an ordinary scheme X and if the inclusion map Y → X is quasi-
compact, then from [EGA, Prop. 9.5.10], there exists a smallest closed
subscheme Y¯ of X that contains Y as an open subscheme. We say that
Y¯ is the (scheme-theoretic) closure of Y in X . We can generalize this
as follows.
Proposition-Definition 2.13. Let X be a formal scheme and Y its
ordinary subscheme. Suppose that the inclusion map of the underlying
topological spaces is quasi-compact. Then there exists a smallest closed
ordinary subscheme Y¯ of X that contains Y as an open subscheme.
Moreover, Y¯ is defined by the kernel of OX → ι∗OY , where ι is the
inclusion. We call Y¯ the closure of Y in X .
Proof. We first suppose that X is affine, say X = Spf A. Then Y
is quasi-compact. Therefore there exists an open subscheme U ⊆ X
covered by finitely many distinguished open subschemes Spf A{fi} of
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X such that Y is a closed ordinary subscheme of U . For every i,
Y ∩ Spf A{fi} is defined by an open ideal Ji ⊆ A{fi}. If {Ij}j∈N is a
basis of ideals of definition of A, and if for each i, j,
(Ij){fi} := lim←−
j′≥j
(Ij/Ij′)fi
is the complete localization of Ij by fi, then {(Ij){fi}}j∈N is a basis of
ideals of definition of A{fi}. Hence for j ≫ 0 and for every i, (Ij){fi} ⊆
Ji. Then Y is a subscheme of SpecA/Ij. From [EGA, Prop. 9.5.10],
there exists a closure Y¯ of Y in SpecA/Ij, which is defined by the kernel
of OSpecA/Ij ։ ι∗OY . We can view Y¯ as a closed ordinary subscheme
of X , which is defined by the kernel of OX ։ OSpecA/I ։ ι∗OY . We
have proved the assertion in this case.
In the general case, X is covered by affine open subschemes Xλ,
λ ∈ Λ. For each λ, there exists the closure Y¯λ of Yλ := Y ∩ Xλ in Xλ.
Gluing Y¯λ, we obtain the closure Y¯ of Y in X . 
2.5. Subschemes of definition.
Definition 2.14. Let X be a formal scheme and I ⊆ OX an open ideal.
We say that I is an ideal of definition if every point of X has an affine
neighborhood Spf A such that I|Spf A = I△ for an ideal of definition
I ⊆ A. The ordinary subscheme defined by an ideal of definition is
called a subscheme of definition.
Proposition 2.15. An ordinary subscheme Y of a formal scheme X is
a subscheme of definition if and only if the underlying topological space
of Y is identical to that of X .
Proof. The “only if” direction is trivial. Suppose that the underlying
topological space of Y is identical to that of X . Without loss of gen-
erality, we may suppose, in addition, that X is affine, say X = Spf A.
Let I ⊆ A be the open ideal defining Y . Then SpecA/√I is a unique
reduced subscheme of SpecA whose underlying topological space is
identical to that of Spf A. This shows that
√
I must be the largest
ideal of definition. Therefore I consists of topologically nilpotent ele-
ments, and is an ideal of definition. 
Since every admissible ring A admits a largest ideal of definition,
every affine formal scheme admits a smallest subscheme of definition,
which is the reduced subscheme of definition. Glueing the smallest
subschemes of definition of affine open subschemes, we obtain a smallest
subscheme of definition of an arbitrary formal scheme. In particular,
every formal scheme has at least one subscheme of definition.
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Definition 2.16. Let X be a formal scheme and
I1 ⊇ I2 ⊇ · · ·
a descending chain of ideals of definition in OX . We say that {Ii}i∈N is
a basis of ideals of definition if every point of X has an affine neighbor-
hood Spf A and there exists a basis {Ii} of ideals of definition in A such
that for every i, Ii|Spf A = I△i . The ascending chain of subschemes of
definition corresponding a basis of ideals of definition is called a basis
of subschemes of definition.
Proposition 2.17. Every top-Noetherian formal scheme has a basis
of subschemes of definition.
Proof. Let X be a top-Noetherian formal scheme and X = ⋃ni=1 Ui its
finite affine covering. For each i, there exists a basis {Iij}j∈N of ideals
of definition on Ui and the corresponding basis {Yij}j∈N of subschemes
of definition. For each i, j, we denote by Y¯ij to be the closure of Yij in
X and by I¯ij ⊆ OX the corresponding ideal sheaf. For each j ∈ N, set
Jj :=
⋂n
i=1 I¯ij . The Jj’s are open ideals. For each i, Jj|Ui is contained
in Iij . It follows that for each i, {Jj|Ui}j∈N is a basis of ideals of
definition and so is {Ji}i∈N. 
Proposition 2.18. Every locally Noetherian formal scheme has a basis
of subschemes of definition.
Proof. Let X be a locally Noetherian formal scheme and I ⊆ OX the
largest ideal of definition. Then {In}n∈N is a basis of ideals of definition.

2.6. Pseudo-subschemes.
Definition 2.19. A pseudo-immersion of a formal scheme X is a mor-
phism ι : Y → X of formal schemes such that for every immersion
Y →֒ Y with Y ordinary scheme, the composition Y →֒ Y ι−→ X is
an immersion. A pseudo-subscheme is an equivalence class of pseudo-
immersions.
If Y is a pseudo-subscheme of X and if Y is a subscheme of definition,
then Y is by definition an ordinary subscheme of X . Therefore the
underlying topological space of Y is a locally closed subset of that of
X .
If Y → X is a pre-immersion, then from Proposition 2.12, for every
immersion Z →֒ Y with Z ordinary scheme, the composition Z → Y →
X is an immersion. Hence Y → X is a pseudo-immersion.
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When Y admits a basis {Yi}i∈N of subschemes of definition, then
Y → X is a pseudo-immersion of X if and only if for every i, Yi →֒
Y → X is an immersion.
Definition 2.20. A pseudo-immersion or a pseudo-subscheme is said
to be closed if the map of underlying topological spaces is a homeomor-
phism onto a closed subset.
Example 2.21. Let X be an ordinary scheme and Y its closed sub-
scheme. Then the completion X/Y of X along Y is a closed pseudo-
subscheme of X .
Let
Z1 ⊆ Z2 ⊆ · · ·
be ordinary subschemes of a formal scheme X , all of which have the
same underlying topological space. Then, from Corollary 1.3, the in-
ductive limit
Z := lim−→Zi
is a formal scheme and a pseudo-subscheme of X .
Example 2.22. Suppose that k is an algebraically closed field and
that a ring k[x][[t]] is endowed with the (t)-adic topology. Let X :=
Spf k[x][[t]]. The underlying topological space of X is identified with
that of A1k = Spec k[x]. For each a ∈ k, we define a subscheme of
definition of X ,
Ya := Spec k[x][[t]]/(t
2, (x− a)t).
It has an embedded point at a rational point a ∈ A1k. For a finite subset
{a1, . . . , an} of k, we define Ya1,...,an to be the subscheme of definition
of X that is isomorphic to Yai around ai, 1 ≤ i ≤ n, and to A1k around
any point other than a1, . . . , an.
Let {ai; i ∈ N} be a countable subset of k. Then we have an ascend-
ing chain of subschemes of X ,
Ya1 ⊆ Ya1,a2 ⊆ Ya1,a2,a3 ⊆ · · · ,
and obtain a closed pseudo-subscheme of X ,
Y := lim−→Ya1,a2,...,an.
Then
OˆY ,p ∼=


(k[x, y]/(y2, xy))(x,y) (p ∈ {a1, a2, . . . })
k[x](x) (p ∈ A1k(k) \ {a1, a2, . . . })
k(x) (p the generic point).
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Thus all fine stalks of OY are discrete. If Y is Noetherian, then it
is impossible that infinitely many fine stalks of OY have an embedded
prime. Therefore Y is not a closed subscheme of X . Moreover for every
open subscheme U ⊆ X , Y ∩ U is not a closed subscheme of U either.
Proposition 2.23. (1) Every pseudo-subscheme of a (locally) ind-
Noetherian formal scheme is (locally) ind-Noetherian.
(2) If g : Z → Y and f : Y → X are pseudo-immersions, then f ◦g
is also a pseudo-immersion.
(3) Let Y → X be a pseudo-immersion of formal schemes andW →
X a morphism of formal schemes. Then the projection Y ×X
W →W is a pseudo-immersion.
(4) Every closed pseudo-subscheme of an affine formal scheme is
an affine formal scheme.
Proof. 1. The assertion follows from Proposition 1.8.
2. If W →֒ Z is an immersion with W ordinary scheme, then the
natural morphism W → X is an immersion. Therefore Z → X is a
pseudo-immersion.
3. Since the problem is local, we may suppose that Y , X and W are
affine. Let {Yi}, {Xi} and {Wi} be bases of subschemes of definition of
Y , X and W respectively such that for every i, the natural morphisms
Yi → X and Wi → X factors through Xi. Then {Yi ×Xi Wi} is a basis
of subschemes of definition of Y ×X W. Since Yi is a subscheme of Xi,
the projection Yi ×Xi Wi → Wi is an immersion [EGA, Prop. 4.4.1],
the natural morphism Yi×Xi Wi →W is also an immersion. Therefore
Y ×X W →W is a pseudo-immersion.
4. Let X = Spf A and Y its closed pseudo-subscheme. Then the
underlying topological space of Y is isomorphic to that of an affine
scheme SpecR. There exists an open covering Y = ⋃nj=1 Yj such that
for each j, Yj is identified with a distinguished open subscheme SpecRf
as a topological space. Since the Yj →֒ Y are quasi-compact, as in the
proof of Proposition 2.17, we can show that Y has a basis of subschemes
of definition, {Yi}i∈N. Then Yi can be viewed as a closed ordinary
subscheme of Spf A. From Lemma 2.4, the Yi are affine, say Yi =
SpecAi. It follows that Y = Spf (lim←−Ai) is affine. 
2.7. Chevalley’s theorem.
Theorem 2.24. Let X be a Noetherian formal scheme. Every pseudo-
subscheme of X is a subscheme of X if and only if the underlying
topological space of X is discrete.
Proof. The “if” direction is essentially due to Chevalley [Che]. To
show this, we may suppose that the underlying topological space of X
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consists of a single point. Then for some Noetherian complete local
ring (A,m) (with the m-adic topology), we have X ∼= Spf A. Let
Y = lim
−→
SpecA/In
be a pseudo-subscheme where
A ⊇ I1 ⊇ I2 ⊇ · · ·
is a descending chain of open ideals. Chevalley’s theorem [Che, Lem.
7] (see also [ZS, Ch. VIII, §5, Th. 13]) says that either
(1) for every n ∈ N, there exists i ∈ N with Ii ⊆ mn, or
(2)
⋂
i Ii 6= (0).
In the former case, the {Ii}-topology coincides with the m-adic topol-
ogy, and so Y = X . In the latter case, replacing A with A/⋂i Ii, we can
reduce to the former case. Consequently we see that Y = Spf (A/⋂i Ii)
and that Y is a subscheme of X .
We now prove the “only if” direction. Suppose that the underlying
topological space of X is not discrete. Then there exists a closed but
not open point x of X . Let Spf A ⊆ X be an affine neighborhood
of x. Then Spf A consists of at least two points. Let Ared be the
reduced ring associated to A, that is, the ring A modulo the ideal of
nilpotent elements. Then Spf A and Spf Ared have the same underlying
topologcial space. If Aˆred is the m-adic completion of Ared with m
the maximal ideal of x, then Spf Aˆred is a closed pseudo-subscheme of
Spf Ared consisting of a single point, hence not isomorphic to Spf Ared.
Being injective, the natural map Ared → Aˆred does not factors as Ared →
Ared/J ∼= Aˆred for any nonzero ideal J . Hence Spf Aˆred is not any closed
subscheme of Spf Ared or of Spf A. 
2.8. The pseudo-closure of a pseudo-subscheme.
Proposition-Definition 2.25. Let X be a formal scheme and Y ⊂ X
its pseudo-subscheme. Suppose that the inclusion map of the underlying
topological spaces is quasi-compact. Then there exists a smallest closed
pseudo-subscheme Y¯ of X that contains Y as an open subscheme. We
call Y¯ the pseudo-closure of Y in X .
Proof. We first consider the case where X is quasi-compact and Y ad-
mits a basis of subschemes of definition, say {Yi}i∈N. From Proposition-
Definition 2.13, for each i, there exists the closure Y¯i of Yi in X . Then
we put
Y¯ := lim−→ Y¯i.
Let {Y ′i } be another basis of subschemes of definition of Y . Then for
every i ∈ N, there exists j ∈ N such that Y¯i ⊆ Y¯ ′j and Y¯ ′i ⊆ Y¯j.
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Therefore Y¯ ′i can be viewed as closed subschemes of Y¯ and also form a
basis of subschemes of definition of Y¯ . It follows that Y¯ = lim−→ Y¯
′
i . Thus
Y¯ is independent of the choice of {Yi}. By construction, Y is an open
subscheme of Y¯ . Moreover Y¯ is a smallest closed pseudo-subscheme of
X that contains Y as an open subscheme. Indeed if Z is another closed
pseudo-subscheme of X containing Y as an open subscheme, then the
Y¯i are also closed ordinary subschemes of Z and hence Y¯ is also a closed
pseudo-subscheme of Z.
We now consider the general case. Then there exists an open covering
X = ⋃λ∈ΛXλ such that for every λ, Xλ is quasi-compact and Yλ := Y∩
Xλ admits a basis of subschemes of definition. For each λ, there exists
the pseudo-closure Y¯λ of Yλ in Xλ. Let Xλµ := Xλ∩Xµ, Yλµ := Y ∩Xλµ
and Y¯λµ the pseudo-closure of Yλµ in Xλµ. Then by the construction
above of Y¯, Y¯λµ = Yλ∩Xλµ. Therefore we can glue the Y¯λ and obtain a
closed pseudo subscheme Y¯ of X that contains Y as an open subscheme.
It is easy to see that Y¯ is the smallest closed pseudo-subscheme with
this property. 
Example 2.26. Let Y be a closed subscheme of Spf C[x±, y][[t]] such
that the only closed subscheme of Spf C[x, y][[t]] containing Y is Spf C[x, y][[t]].
(Thanks to Theorem 2.7, such Y exists.) Then the pseudo-closure Y¯
of Y in Spf C[x, y][[t]] is not a closed subscheme of Spf C[x, y][[t]].
Remark 2.27. Examples 2.22 and 2.26 are both pseudo-subschemes that
are not subschemes, but have different flavors. It might be good to
distinguish them, for example, by the following condition on a pseudo-
subscheme Y →֒ X : For any ordinary subscheme Z →֒ X , the fiber
product Y ×Z X is an ordinary scheme. While Example 2.22 does not
satisfy this, Example 2.26 does.
3. Formal separatrices of singular foliations
In this section, we see that a pathological phenomenon of formal
schemes also comes from singularities of foliations.
3.1. Formal separatrices. Let X be a smooth algebraic variety over
C, and ΩX = ΩX/C the sheaf of (algebraic) Ka¨hler differential forms. A
(one-codimensional) foliation on X is an invertible saturated subsheaf
F of ΩX satisfying the integrability condition; F ∧ dF = 0. We say
that a foliation F is smooth at x ∈ X if the quotient sheaf ΩX/F is
locally free around x, and that F is singular at x otherwise. We say
that F is smooth if F is smooth at every point. The pair (X,F) of a
smooth variety X and a foliation on X is called a foliated variety.
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Definition 3.1. Let (X,F) be a foliated variety, x ∈ X(C), X/x :=
Spf OˆX,x, Y ⊆ X/x a closed subscheme of codimension one defined by
0 6= f ∈ OˆX,x, and ω ∈ ΩX,x a generator of Fx. We say that Y is a
formal separatrix (of F) at x if f divides ω ∧ df .
Because of Leibniz rule, Y is a formal separatrix if and only if its
associated reduced formal scheme Yred is a formal separatrix. Frobenius
theorem says that if F is smooth at x, there exists a unique smooth
formal separatrix of F at x. Miyaoka [Miy] proved that the family
of smooth formal separatrices at smooth points of a foliation form a
formal scheme:
Theorem 3.2. [Miy, Cor. 6.4] Let (X,F) be a foliated variety. Suppose
that F is smooth. Then there exists a closed subscheme L of (X ×C
X)/∆X such that for every point x ∈ X, p2(p−11 (x)) is the smooth formal
separatrix of F at x. Here ∆X ⊆ X ×C X is the diagonal and (X ×C
X)/∆X is the completion of X ×C X along ∆X .
Let (X,F) be a foliated variety and C ⊆ X a closed smooth subva-
riety of dimension 1. Suppose that C meets only at a single point o
with the singular locus of F . Let U ⊆ X be the smooth locus of F and
L ⊆ (U ×C U)∆U the family of formal separatrices as in the theorem.
Then C \ {o} is a closed subvariety of U . The fiber product
LC\{o} := (C \ {o})×U,pr1 L
is the family of the smooth formal separatrices over C \ {o}, and a
subscheme of (C ×CX)/∆C . Let LC := LC\{o} be the pseudo-closure of
LC\{o} in (C ×C X)/∆C .
Proposition 3.3. The following are equivalent:
(1) LC is Noetherian.
(2) LC is adic.
(3) LC is pre-Noetherian.
(4) LC is a closed subscheme of (C ×C X)/∆C .
(5) LC is a closed pre-subscheme of (C ×C X)/∆C .
Proof. 1⇒ 2 and 1⇒ 3: Trivial.
2⇒ 1: It follows from Lemma 1.6.
3⇒ 2: The underlying topological space of LC is identified with that
of C. Shrinking C, we may suppose that LC is affine, say LC = Spf A
with A a Noetherian admissible ring. Let I ⊆ A be the largest ideal of
definition. This is a prime ideal and the symbolic powers I(n) form a
basis of ideals of definition in A.
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If f, g ∈ A are nonzero elements, then for n ≫ 0, their images f¯ , g¯
in A/I(n) are nonzero. Their restrictions f¯ |C\{o} and g¯|C\{o} to C \ {o}
are also nonzero. Therefore the restrictions f |C\{o} and g|C\{o} of f and
g are nonzero. Consequently the restriction (fg)|C\{o} of the product
fg does not vanish, and the product fg does not neither. Thus A is a
domain.
Let m ⊆ A be the maximal ideal of o and Aˆ the m-adic completion
of A. We claim that Aˆ is also a domain. To see this, we may suppose
that (C×CX)/∆C is affine, say Spf B. Let n ⊆ B be the maximal ideal
of o and Bˆ the n-adic completion of B. Put
Jn := Ker (Bˆ → Aˆ/Iˆ(n)).
Then Aˆ ∼= lim←− Bˆ/Jn. Since C is smooth, in particular, analytically
irreducible, Bˆ/J1 is a domain. Now we can prove the claim in the
same way as above.
From [Zar, page 33, Lem. 3] (see also [ZS, Ch. VIII, §5, Cor. 5]), the
I(n)-topology on A coincides with the I-adic topology.
2⇒ 4: It is a direct consequence of Proposition 1.8.
4⇒ 5: Trivial.
5 ⇒ 2: Put X := (C ×C X)/∆C and Y := LC . Identifying the
underlying topological spaces of X and Y with C, the point o ∈ C can
be viewed as a point of X and Y . Since X is Noetherian, from [EGA,
0, Cor. 7.6.18], the stalk OX ,o is Noetherian. Since tha natural map
OX ,o → OY ,o is surjective, OY ,o is also Noetherian. Let I ⊆ OY ,o be
the ideal of the topologically nilpotent elements. Then the symbolic
powers I(n) of I form a basis of open neighborhoods of OY ,o. (Note that
OY ,o is not a priori complete.) As in the proof of “3⇒ 2”, we can show
that the topology on OY ,o is identical to the I-adic topology. Hence if
I ⊆ OY is the ideal sheaf of topologically nilpotent sections, then its
powers In form a basis of ideals of definition, and Y is adic. 
When LC is a closed subscheme, it allows us to take the limit of
smooth formal separatrices along C:
Theorem 3.4. Suppose that one of the conditions in Proposition 3.3
holds. Then the fiber of LC → C over o is a formal separatrix at o.
Proof. We need to use complete modules of differentials of Noetherian
formal schemes. For a morphism f : Y → X of Noetherian formal
schemes, we have a complete module of differentials, ΩˆY/X , which is a
quasi-coherent OY -module, and have a derivation dˆY/X : OY → ΩˆY/X .
We refer to [AJP] for details.
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If necessary, shrinking X , we can take a nowhere vanishing ω ∈
F(X). Let
ψ : X := (C ×C X)/∆C → X.
be the projection. Pulling back ω, we obtain a global section ψ∗ω of
ΩˆX/C . Since LC is a hypersurface in X , it is defined by a section f
of OX . Since the restriction of LC to C \ {o} is the family of formal
separatrices along C \ {o}, f divides ψ∗ω ∧ dˆX/Cf .
Let Y be the fiber of LC → C over o, which is a hypersurface of X/o
defined by the image f¯ ∈ OˆX,o of f . Then f¯ divides ω∧ dˆX/o/Cf¯ . Hence
Y is a formal separatrix. 
3.2. Jouanolou’s theorem and its application. We recall Jouanolou’s
result on Pfaff forms. We refer to [Jou] for details.
An algebraic Pfaff form of degree m on P2
C
is a one-form
ω = ω1dx+ ω3dy + ω3dz
such that ωi are homogeneous polynomials of degree m and the equa-
tion
xω1 + yω2 + zω3 = 0
holds. A Pfaff equation of degree m on P2
C
is a class of algebraic Pfaff
forms modulo nonzero scalar multiplications.
Let ω be an algebraic Pfaff form on P2
C
and [ω] its Pfaff equation class.
An algebraic solution of ω or [ω] is a class of homogeneous polynomials
f ∈ C[x, y, z] modulo nonzero scalar multiplications such that f divides
ω ∧ df .
Let Vm be the vector space of the algebraic Pfaff forms of degree
m on P2
C
. Then the set of the Pfaff equations of degree m on P2
C
is
identified with the projective space P(Vm) = (Vm \ {0})/C∗. Define
Zm ⊆ P(Vm)
to be the set of the Pfaff equations that have no algebraic solution.
Theorem 3.5. [Jou, §4] Suppose m ≥ 3. Then Zm is the intersec-
tion of countably many nonempty Zariski open subsets of P(Vm) and
contains the class of the algebraic Pfaff form
(xm−1z − ym)dx+ (ym−1x− zm)dy + (zm−1y − xm)dz.
From [Jou, page 4, Prop. 1.4], every algebraic Pfaff form ω on P2
C
is
integrable; dω ∧ ω = 0. So ω defines also a foliation Fω on C3. From
[Jou, page 85, Prop. 2.1], the only singular point of Fω is the origin.
Accordingly we can define the family Lω,C\{o} of formal separatrices
along C \ {o} and its pseudo-closure Lω,C for any line C ⊂ C3 through
the origin.
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Let f =
∑
i≥n fi ∈ C[[x, y, z]]. Here fi is a homogeneous polynomial
of degree i and fn 6= 0. Suppose that f defines a formal separatrix at
the origin, equivalently that f divides ω ∧ df . Then the class of fn is
an algebraic solution of the Pfaff equation [ω]. Hence if [ω] ∈ Zm, then
Fω has no formal separatrix at the origin.
Corollary 3.6. For [ω] ∈ Zm and a line C ⊆ C3 through the origin, a
pseudo-subscheme Lω,C of (C ×C C3)∆C ∼= Spf C[w][[x, y, z]] is neither
a closed pre-subscheme, pre-Noetherian nor adic.
Proof. If Lω,C is either a closed pre-subscheme, pre-Noetherian or adic,
then from Theorem 3.4, the foliation Fω has a formal separatrix at the
origin. Hence [ω] /∈ Zm. 
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